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The gravitational asymptotic safety program strives for a consistent and predictive quantum
theory of gravity based on a non-trivial ultraviolet fixed point of the renormalization group (RG)
flow. We investigate this scenario by employing a novel functional renormalization group equation
which takes the causal structure of space-time into account and connects the RG flows for Euclidean
and Lorentzian signature by a Wick-rotation. Within the Einstein-Hilbert approximation, the β-
functions of both signatures exhibit ultraviolet fixed points in agreement with asymptotic safety.
Surprisingly, the two fixed points have strikingly similar characteristics, suggesting that Euclidean
and Lorentzian quantum gravity belong to the same universality class at high energies.
General relativity provides a reliable and well-tested
theory for the gravitational interactions at distances suf-
ficiently large compared to the Planck scale. Many ques-
tions concerning fundamental aspects of space, time, and
the gravitational interactions are beyond the scope of
this classical theory, however, and may only be answered
within a quantum theory for gravity. While there are
many proposals for such a theory, the final answer is
still elusive. This is mainly owed to the fact that quan-
tizing general relativity via standard perturbation the-
ory requires fixing an infinite number of free parame-
ters, indicating that the theory is perturbatively non-
renormalizable.
This observation still leaves the possibility that grav-
ity constitutes a renormalizable field theory at the non-
perturbative level, a scenario known as asymptotic safety
[1]. The key ingredient in this scenario is a non-Gaussian
fixed point (NGFP) of the gravitational renormalization
group (RG) flow which controls the behavior of the the-
ory at very high energies and ensures the absence of un-
physical UV divergences. Provided that the NGFP comes
with a finite number of unstable directions, the resulting
fundamental theory is as predictive as a perturbatively
renormalizable one [2]. This non-perturbative renormal-
izability has already been established for a number of
perturbatively non-renormalizable field theories, includ-
ing gravity in D = 2 + ǫ space-time dimensions [3].
In the more realistic setting of four-dimensional grav-
ity, the main evidence for asymptotic safety originates ei-
ther from discrete lattice simulations [4–6], or continuum
functional renormalization group methods [7–9] which
explicitly demonstrated the existence of a suitable NGFP
in a variety of approximations [10–12].[24] While showing
a remarkable agreement, e.g., in the spectral dimension
of space-time at long and short distances [14, 15], the
discrete and continuum approach manifestly differs by a
causal structure. In the discrete case causality appears
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as an essential ingredient for obtaining a suitable clas-
sical limit, while the continuum RG computations have
all been carried out for generic Euclidean space-times.
Thus, understanding of the role of time constitutes an
important step in the asymptotic safety program.
Here, we address this fundamental question utiliz-
ing a novel functional renormalization group equation
(FRGE) tailored to take the causal structure of space-
time into account. The construction relies on the ADM-
decomposition of the metric degrees of freedom, which
singles out a preferred time-direction and allows to Wick-
rotate between Euclidean and Lorentzian signature met-
rics, facilitating a direct comparison between the two set-
tings. In addition, the underlying foliated structure of
space-time makes the new flow equation applicable to
Horava-type gravitational theories, where an anisotropy
between space and time is essential for the improved
renormalization behavior [16].
The starting point for imprinting the causal structure
is the ADM-decomposition of the D-dimensional space-
time metric
ds2 = ǫNˆ2dτ2 + σˆij
(
dxi + Nˆ idτ
)(
dxj + Nˆ jdτ
)
, (1)
which foliates the space-timeMD = S1×Md into spatial
slices Md, coordinatized by xi, i = 1, . . . , d = D − 1,
and labeled by a preferred “time”-coordinate τ . The Md
carry a positive definite metric σˆij(x, τ) and the lapse Nˆ
and shift vector Nˆi connect the coordinate systems on
neighboring slices. The signature parameter ǫ captures
space-times with Euclidean (ǫ = +1) and Lorentzian (ǫ =
−1) signature, respectively. For technical reasons, the τ -
direction is taken to be a compact circle with length T ,
which provides an IR cutoff on the quantum fluctuations
in this direction.
The investigation of the asymptotic safety scenario
requires an analysis of the underlying RG flow, which
is conveniently captured by a Wetterich-type FRGE
[7, 17] for the component fields {Nˆ, Nˆi, σˆij}. Its con-
struction starts from the a priori formal functional in-
tegral, Z = ∫ DNˆ DNˆiDσˆij exp
[
−S[Nˆ, Nˆi, σˆij ]
]
, which
is assumed to be invariant under D-dimensional coor-
2dinate transformations Diff(MD) acting on the compo-
nent fields through the decomposition (1). The resulting
gauge freedom is fixed via the background field method,
splitting the quantum field into a fixed background (de-
noted by a bar) and fluctuations (indicated by a tilde)
Nˆ = N¯ + N˜, Nˆi = N¯i + N˜i, σˆij = σ¯ij + σ˜ij . Since the
background fields are completely at our disposal, we set
N¯ = 1, N¯i = 0, while keeping σ¯ij(x, τ) unspecified. This
choice guarantees the existence of a unique coordinate
system in which the quantum fluctuations are confined
to the spatial metric σ˜ij [18]. The gauge-fixing term for
this temporal gauge [19] is
Sgf =
1
2
√
ǫ
∫
dτddx
√
σ¯
{
α−1L N˜
2 + α−1S σ¯
ijN˜iN˜j
}
, (2)
where αL and αS are gauge-fixing parameters. In
Landau-gauge, αL, αS → 0, Sgf imposes N˜ = 0 and
N˜i = 0. The ghost action resulting from this gauge-
choice is found in the standard way and, upon a suitable
shift of the ghosts, reads
Sgh =
√
ǫ
∫
dτddx
√
σ¯
{
C¯∂τC + C¯i∂τC
i
}
. (3)
The final piece in the construction is a scale-dependent
IR regulator ∆kS, which suppresses quantum fluctua-
tions with momenta p2 < k2 by a k-dependent mass term
[7, 8]
∆kS =
√
ǫ
2
∫
dτddx
√
σ¯
×
{
(N˜ , N˜i, σ˜ij , C¯, C¯i)Rk (N˜ , N˜k, σ˜kl, C, Cj)T
}
.
(4)
The matrix-valued kernel Rk vanishes for k = 0 and
is constructed from the background fields only, so that
∆kS is quadratic in the fluctuation fields. In contrast
to the original construction [7], where the IR-cutoff con-
tains the D-dimensional background Laplacian, we re-
quire that Rk(∆) depends on the spatial background
Laplacian ∆ ≡ −σ¯ijD¯iD¯j only. As a consequence, Rk
acts as an IR-regulator for spatial fluctuations only. This
feature is essential, since it avoids the unbounded differ-
ential operators, that would occur once the original con-
struction is carried over to Lorentzian signature. As a
consequence, the background gauge symmetry retained
by (4) is not Diff(MD), but encompasses diffeomorphism
invariance on the spatial slices only.
Putting all the pieces together and adding a standard
source-term Ssource for the fluctuation fields, one finally
arrives at the k-dependent partition function
Zk =
∫
DN˜ DN˜iDσ˜ij DC¯ DC DC¯iDCi
× e−S[Nˆ,Nˆi,σˆij]−Sgf−Sgh−∆kS−Ssource .
(5)
The effective average action
Γk[N,Ni, σij , ω¯, ω, ω¯i, ω
i; N¯, N¯i, σ¯ij ] is constructed
as the (modified) Legendre-transform of lnZk in the
standard way [7, 17]. It depends on the classical fields
N ≡ 〈Nˆ〉, Ni ≡ 〈Nˆi〉, σij ≡ 〈σˆij〉, ω¯ ≡ 〈C¯〉, ω ≡ 〈C〉,
ω¯i ≡ 〈C¯i〉 and ωi ≡ 〈Ci〉. For completeness, we also
define hij ≡ 〈σ˜ij〉. Taking the k-derivative of Γk, the
desired FRGE can be cast into the standard form
k∂kΓk =
1
2STr
[(
Γ
(2)
k +Rk
)−1
k∂kRk
]
. (6)
Here, Γ
(2)
k is the second variation of Γk with respect to
the fluctuations and the STr encompasses an integration
over spatial loop-momenta together with a trace in field
space. With the kernel Rk chosen properly, eq. (6) en-
codes the RG flow on the space of all interactions preserv-
ing spatial background diffeomorphism invariance. Its
solutions interpolate continuously between the bare ac-
tion for k → ∞ and the standard effective action Γ =
Γk=0[N = N¯,Ni = N¯i, σij = σ¯ij , ω¯ = ω = ω¯i = ω
i = 0],
provided these limits exist.
We now solve (6) for a two-dimensional trunca-
tion ansatz spanned by the ADM-decomposed Einstein-
Hilbert action supplemented by the classical gauge-fixing
and ghost terms
Γk =
√
ǫ
16πGk
∫
dτddxN
√
σ
{
−R+ 2Λk
+ ǫ−1Kij
[
σikσjl − σijσkl]Kkl
}
+ Sgf + Sgh .
(7)
Here, Kij = (2N)
−1 [∂τσij −DiNj −DjNi] is the ex-
trinsic curvature and R ≡ (d)R(σ) denotes the curva-
ture scalar on Md. Eq. (7) contains a scale-dependent
Newtons constant Gk and cosmological constant Λk, but
no running couplings that could encode a breaking of
Diff(MD) in the effective action. Such terms will be in-
vestigated elsewhere.
Substituting (7) into (6), the β-functions for the di-
mensionless couplings gk = Gkk
d−1 and λk = Λkk−2
together with the anomalous dimension of Newtons con-
stant, ηN ≡ G−1k k∂kGk, can be read off from the coeffi-
cients of the volume and intrinsic curvature terms. The
extraction of these monomials from the operator trace
proceeds as follows. First, Γ
(2)
k is constructed by expand-
ing Γk around the background N¯ , N¯i, σ¯ij to quadratic or-
der in the fluctuations. Subsequently, we adopt Landau-
gauge, which eliminates the fluctuations in the lapse and
shift vector. The remaining fluctuation fields are then
Fourier-expanded along the circle-direction, which gives
rise to infinite sums over Matsubara frequencies. This
structure is well known in the context of quantum field
theory at finite temperature [20] and, in the gravita-
tional setting, sums the contributions of the Kaluza-Klein
states originating from the compactification of the D-
dimensional theory on a circle. The resulting operator
structure of Γ
(2)
k can be simplified further by choosing σ¯ij
as the time-independent metric on the d-sphere, which
suffices to track the required interaction monomials. Fol-
lowing [10], the remaining non-minimal operators are
3eliminated by a transverse-traceless decomposition of the
metric fluctuations hij(x) 7→
{
hTij(x), ξ
T
i (x), σ(x), h(x)
}
,
where the Jacobians are compensated by a suitable spec-
tral redefinition. Finally, the IR-regulator Rk is con-
structed as a Type I cutoff [12], implementing the rule
∆ 7→ ∆ + Rk(∆) for the spatial Laplacians. For tech-
nical simplicity, we will work with the optimized cutoff
[21], Rk = k
2(1 −∆/k2)θ(1 −∆/k2). With this form of
Rk, the transverse vector ξTi and ghost fluctuations do
not contribute to the flow. Consequently, the STr splits
into a contribution from the transverse-traceless tensor
and scalar fluctuations, ∂tΓk = T
TT + T 0. The operator
traces with respect to ∆ are conveniently evaluated with
the early-time expansion of the heat-kernel on Md
TTT =
√
ǫ kd d2T
(4π)d/2
∑
n
∫
ddx
√
σ
[
q1d/2(w2T)
+ Rk2
(
1
6q
1
d/2−1(w2T)− d
2−3d+4
d(d−1) q
2
d/2(w2T)
) ]
,
T 0 =
√
ǫ kd
(4π)d/2
∑
n
∫
ddx
√
σ
[
q1d/2(w0)
+ 16
R
k2 q
1
d/2−1(w0)− d−22dλk Rk2
{
q1d/2(w0)
−
(
3
2ǫm
2n2 − 4(d−3)d−2 λk + 1
)
q2d/2(w0)
}]
.
(8)
Here, d2T =
1
2 (d + 1)(d − 2) and the arguments
of the dimensionless threshold functions qpn(w) ≡(
1
Γ(n+1) − 12Γ(n+2)ηN
)
(1 + w)−p are given by
w2T =
1
2ǫ m
2n2 − 2λk ,
w0 =− 14λk
(
1
ǫ m
2n2 − 4λk
) (
d−1
d−2
1
ǫ m
2n2 − 2λk
)
.
(9)
The β-functions ∂tgk = βg(g, λ;m) and ∂tλk =
βλ(g, λ;m) are read off from the volume and intrinsic cur-
vature terms. Besides being funtions of gk, λk they also
depend parametrically on the (dimensionless) Kaluza-
Klein mass m = 2π/(Tk).
Eq. (8) explicitly shows that the fluctuations along the
circle are captured by Matsubara sums with mass m.
The sign of these mass-terms is fixed by the signature
of space-time, i.e., ǫ only appears in the combination
ǫ−1m2n2. Notably, all the sums can be carried out ana-
lytically, utilizing
∑
n(n
2 + x2)−1 = π(x tanh(πx))−1 to-
gether with suitable parametric derivatives. For x2 > 0
this resummation leads to hyperbolic functions. For
x2 < 0 the sums can be analytically continued, result-
ing in trigonometric terms. The analytic structure of the
β-functions depends on ǫ and λ and changes at the lines
λ(1) = − 14d2 (d − 1)(d − 2) and λ(2) = 1/2. For λ < λ(1)
the Euclidean β-functions are purely hyperbolic while the
Lorentzian ones contain only trigonometric terms. For
λ > λ(2) the situation is exactly reversed. In the “central
region” λ(1) < λ < λ(2), there is always a mixture of both
types of terms.
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(b) Lorentzian phase portrait
FIG. 1: Phase portraits obtained from the numerical
integration of the Euclidean (left) and Lorentzian
(right) β-functions with m = 2π. The Euclidean flow
diagram completely agrees with the covariant result [22].
In view of the asymptotic safety program, we now
investigate whether the β-functions derived above pos-
sess a NGFP {g∗, λ∗}, satisfying βg(g∗, λ∗;m) = 0,
βλ(g∗, λ∗;m) = 0 with g∗ > 0. We first turn to the case
where T is k-independent, which implies a trivial run-
ning of mk, ∂tmk = −mk. This supplementary equation
has a UV-attractive fixed point at m∗ = 0. Taking the
limit m → 0, all trigonometric terms in the β-functions
diverge, so that the flow is well-defined in the regions
λ < λ(1) for Euclidean and λ > λ(2) for Lorentzian signa-
ture only. The only fixed point appearing in this scenario
results from the Euclidean β-functions and is located at
g∗ < 0. Thus it is not suitable for rendering the theory
asymptotically safe.
The more natural scenario assumes that m is a con-
stant, k-independent number. This corresponds to relat-
ing the IR cutoff along the time-circle with the spatial
cutoff, T ∝ k−1. In fact, imposing that the (Euclidean)
spatial and time-like fluctuations are cut off at the same
momentum scale requires T = k−1. Thus m = 2π is
distinguished and we adopt this value in the following.
Remarkably, this entails that all trigonometric terms re-
main finite throughout the central region λ(1) < λ < λ(2).
Analyzing the fixed point structure of the resulting β-
functions one first encounters the Gaussian fixed point
{g∗, λ∗} = {0, 0}, which corresponds to the free theory
4and constitutes a saddle-point in the g-λ−plane. More-
over, both signatures give rise to a NGFP
ǫ g∗ λ∗ g∗λ∗ θ1,2
+1 0.19 0.31 0.059 1.07± 3.31i
−1 0.21 0.30 0.063 0.94± 3.10i
, (10)
located at g∗ > 0. The positive real part of the crit-
ical exponents θ1,2, defined as the negative eigenvalues
of the stability matrix Bij = ∂jβi, indicates that the
g- and λ-direction both correspond to relevant scaling
fields. Thus, (10) are suitable fixed points for the grav-
itational asymptotic safety scenario. Notably, the char-
acteristics of the Euclidean NGFP are the same as in the
fully covariant computation [8]. The most striking fea-
ture displayed in (10) is, however, that the Euclidean and
Lorentzian computation gives rise to virtually the same
UV-fixed point. This feature is closely related to the an-
alytic structure of the β-functions in the central region,
which contain both hyperbolic and trigonometric terms.
This structure persists upon moving from Euclidean to
Lorentzian signature, and is likely to be at the heart of
this consonance.
As shown by the phase portraits displayed in Fig. 1, the
similarity between the Euclidean and Lorentzian theory
continues to hold away from the fixed points: the RG flow
of the two theories is virtually indistinguishable. Their
sole qualitative difference originates from the trajectories
flowing towards λk < 0. In the Euclidean case, these can
all be continued to the deep infrared k = 0, while for
Lorentzian signature they terminate at a finite value of
k when entering the region λ < λ(1). Again, this differ-
ence can be attributed to the analytic structure of the
β-functions. The Euclidean β-functions are composed
out of hyperbolic terms which are well-defined for all val-
ues λ < λ(1). In contrast, the Lorentzian signature gives
rise to trigonometric terms, whose divergences cause the
termination of the corresponding RG trajectories.
In conclusion, the novel causal FRGE presented here
provides substantial evidence that the RG flows of both
Euclidean and Lorentzian gravity feature a non-Gaussian
UV fixed point suitable for rendering the theories asymp-
totically safe. Remarkably, the position and critical ex-
ponents of the two fixed points turn out to be virtually
identical, indicating that both theories exhibit the same
universal UV behavior. The rather surprising result that
signature does not matter for gravity at very high en-
ergies certainly deserves further investigation and may
ultimately shed some new light on the fractal properties
of space-time at short distances [14, 15, 23].
Acknowledgments − The research of E.M., S.R. and
F.S. is supported by the Deutsche Forschungsgemein-
schaft (DFG) within the Emmy-Noether program (Grant
SA/1975 1-1).
[1] S. Weinberg in General Relativity, an Einstein Centenary
Survey, S. W. Hawking and W. Israel (Eds.), Cambridge
University Press, Cambridge, 1979; arXiv:0903.0568
[hep-th]; PoS CD09, 001 (2009), arXiv:0908.1964 [hep-
th].
[2] M. Niedermaier, M. Reuter, Living Rev. Rel. 9, 5 (2006).
[3] R. Gastmans, R. Kallosh, C. Truffin, Nucl. Phys. B 133,
417 (1978); S. M. Christensen, M. J. Duff, Phys. Lett. B
79, 213 (1978).
[4] J. Ambjorn, J. Jurkiewicz, R. Loll, Phys. Rev. Lett. 85,
924 (2000), hep-th/0002050.
[5] J. Ambjorn, J. Jurkiewicz, R. Loll, Annalen Phys. 19,
186 (2010); arXiv:1004.0352 [hep-th].
[6] H. W. Hamber, Gen. Rel. Grav. 41, 817 (2009),
arXiv:0901.0964 [gr-qc].
[7] M. Reuter, Phys. Rev. D 57, 971 (1998),
arXiv:hep-th/9605030.
[8] M. Reuter, F. Saueressig in Geometric and Topological
Methods for Quantum Field Theory, H. Ocampo, S. Pay-
cha and A. Vargas (Eds.), Cambridge Univ. Press, Cam-
bridge, 2010, arXiv:0708.1317 [hep-th].
[9] R. Percacci, in Approaches to quantum gravity, edited
by D. Oriti, Cambridge Univ. Press, Cambridge, 2009,
arXiv:0709.3851 [hep-th].
[10] O. Lauscher, M. Reuter, Phys. Rev. D 65, 025013 (2002),
hep-th/0108040.
[11] O. Lauscher, M. Reuter, Class. Quant. Grav. 19, 483
(2002), hep-th/0110021; D. F. Litim, Phys. Rev. Lett.
92, 201301 (2004), hep-th/0312114; A. Codello, R. Per-
cacci, C. Rahmede, Int. J. Mod. Phys. A 23, 143 (2008),
arXiv:0705.1769 [hep-th]; D. Benedetti, P. F. Machado,
F. Saueressig, Mod. Phys. Lett. A 24, 2233 (2009),
arXiv:0901.2984 [hep-th].
[12] A. Codello, R. Percacci, C. Rahmede, Annals Phys. 324,
414 (2009), arXiv:0805.2909 [hep-th].
[13] J. Braun, L. M. Haas, F. Marhauser et al., Phys. Rev.
Lett. 106, 022002 (2011), arXiv:0908.0008 [hep-ph].
[14] O. Lauscher, M. Reuter, JHEP 0510, 050 (2005),
hep-th/0508202.
[15] J. Ambjorn, J. Jurkiewicz, R. Loll, Phys. Rev. Lett. 95,
171301 (2005), hep-th/0505113; Phys. Rev. D 72, 064014
(2005), hep-th/0505154.
[16] P. Horava, Phys. Rev. D 79, 084008 (2009),
arXiv:0901.3775 [hep-th].
[17] C. Wetterich, Phys. Lett. B 301, 90 (1993).
[18] A. Dasgupta, R. Loll, Nucl. Phys. B 606, 357 (2001),
arXiv:hep-th/0103186.
[19] C. Teitelboim, Phys. Rev. D 28, 297 (1983).
[20] N. Tetradis, C. Wetterich, Nucl. Phys. B 398, 659 (1993);
D.F. Litim, J.M. Pawlowski, JHEP 0611, 026 (2006),
hep-th/0609122.
[21] D. F. Litim, Phys. Rev. D 64, 105007 (2001),
hep-th/0103195.
[22] M. Reuter, F. Saueressig, Phys. Rev. D 65, 065016
(2002), arXiv:hep-th/0110054.
[23] S. Carlip, arXiv:0909.3329 [gr-qc].
[24] A similar interplay between continuum and lattice tech-
niques has already been fruitful in the context of finite-
temperature QCD [13].
